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Dynamical study of S-wave Q¯Qq¯q system
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We perform the energy spectra calculating for the S-wave Q¯Qq¯q (where Q = c, b and q =
u, d, s) system within two constituent quark models. The bound states of B∗B¯∗ with I(JPC) =
1(0++), 1(1+−), 0(2++) and BB¯∗ with isospin I = 1, or 0 are obtained in color-singlet-singlet
channel. If considering the coupling of color channels, apart from the deep bound states appear in
[bq¯](∗)[qb¯](∗) scenario, a bound state [cq¯]∗[qc¯]∗ with I(JPC) = 1(0++) is also formed. The BB¯∗ and
the B∗B¯∗ with quantum number 1(1+−) are well candidates for Z±b (10610) and Z
±
b (10650) reported
by Belle collaboration respectively, while the BB¯∗ with isospin 0 can be interpret as a candidate for
Z0b (10610). A bound state [cq¯]
∗[qc¯]∗ with I(JPC) = 1(0++) is comparable with Z+c (4025) announced
by BES.
PACS numbers: 12.39.Jh,14.40.Rt,03.65.Ge, 21.45.-v
I. INTRODUCTION
In the past decades, more than twenty new charmonium- and bottomonium-like resonances, usually called “XYZ”
states [1–10], have been reported by Belle, BaBar, BES, LHCb, CLEO and other collaborations. Many of XY Z
states, such as X(3872), X(3915), Y (4260), Z+(4430), Z±c (3900), have been confirmed by different experimental
collaborations in same or different physical processes. Most of them do not seem to be understood as conventional char-
monium cc¯ and bottomonium bb¯mesons predicted by quark model. Especially, the states Z±c (3900) [5–7], Z
±
c (4025)[8],
Z±(4430) [9], Z±1 (4050), Z
±
2 (4250)[10], Z
±
b (10610), Z
±
b (10650)[4] have a nonzero electric charge, they must be genuine
exotic mesons with minimum four-quark content if they are really exist in nature. To understand the structures of
these new resonances, Many explanations, such as conventional quarkonium, charmed hybrids, hadrocharmonium,
diquarks and molecular pictures, have been proposed for these new entities, but their nature still remains as a puz-
zle. The review papers [11–19] and the references therein reported the detail experimental data and the possible
interpretations for XY Z states.
According to the Quantum Chromodynamics (QCD), which is the underlying theory of strong interaction, a colour-
less meson composed of QQ¯, QqQ¯q¯ (where Q = c, b, and q = u, d, s) etc. are allowed. Since the low energy process are
completely governed by non-perturbation QCD effects, there is a lack of any reliable approach to deal with the QCD
non-perturbation problem. So it is still impossible for us to derive the hadron spectrum analytically from the QCD at
present. Lattice QCD was invented to solve QCD numerically through simulations on the lattice, which has proven
very powerful in the calculation of the hadron spectrum. Further development is needed to obtain the satisfactory
results for multiquark systems. Besides, various theoretical frameworks and many phenomenological models with
some kind of QCD spirit were proposed to interpret these new XY Z states, such as the QCD sum rule, chiral unitary
model, the one-boson-exchange (OBE) model, the one-pion-exchange (OPE) model, the diquark-antidiquark model,
and the chiral quark model (ChQM) etc.
In constituent quark model, Vijande et al. [20] studied the four-quark system cc¯nn¯ by means of the hyperspherical
harmonic formalism. However no bound states have been found whether taking into account the exchange of scalar
and pseudoscalar mesons or not. Liu and Zhang [21] obtained a D0D¯0∗ bound state in a chiral SU(3) quark model
with including pi, σ, ω and ρ meson exchanges in it. In Ref. [22], Liu and Zhang systematically calculated the
energy of four-quark system which composed of S−wave (Q¯q) meson and the (q¯Q) meson. They obtained isoscalar
BB¯, B∗B¯∗(J = 2), and BB¯∗(C = +) bound states. In Ref. [23], Yang and Ping obtained the bound state of
D∗D¯∗ with JPC = 0++ and B∗B¯∗ with JPC = 0++ and 2++ in the Bhaduri, Cohler, and Nogami quark model by
considering the coupling of color 1 ⊗ 1 and 8 ⊗ 8 structure. In Ref. [24] they studied possible neutral D(∗)D¯(∗) and
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2B(∗)B¯(∗) molecular states in the framework of the extended constituent quark models with the s-channel one gluon
exchange. The bound states of neutral D(∗)D¯(∗) with JPC = 1++, 2++ and B(∗)B¯(∗) with JPC = 0++, 1+−, 1++, 2++
are obtained when took into account of the reasonable effective gluon mass.
By considering the multi-body confinement in constituent quark model, Deng, Ping, et al. believe the Y (2175),
f0(600), f0(980) and X(5176) are tetraquark states [25], and suggested the S-wave tetraquark states [cu][c¯d¯] with
quantum numbers IJP = 11+ and 12+ are candidates for the charged states Zc(3900) and Zc(4025)/Zc(4020),
respectively [26], and they believe Z+c (3900) or Z
+
c (3885), Z
+
c (3930), Z
+
c (4020), Z
+
1 (4050), Z
+
2 (4250) and Z
+
c (4200)
can be described as family of tetraquark [cu][c¯d¯] states [27].
In [Q¯q][Qq¯] system, since the substructure [Qq¯] (or [qQ¯]) can form color-singlet and color-octet alone, and the
colorless [Q¯q][Qq¯] can be formed by color-singlet-singlet(1⊗ 1) or color-octet-octet (8⊗ 8). Therefor the color channel
coupling may be plays important role for the energy spectra of [Q¯q][Qq¯] system. In this work, we would like to
study the energy spectra of the S-wave Q¯Qq¯q system in constituent quark models with considering the color channel
coupling between 1⊗ 1 and 8⊗ 8.
For comparison, we calculate the spectra of [Q¯q][q¯Q] systems within two types of chiral quark models [28, 29] by
means of Gaussian expansion method (GEM), which is a high accuracy method for few-body systems developed by
Kamimura, Hiyama et al. [30] and extensively used in studying the mass spectrum of multi-quark system [29, 31–35].
The two chiral quark models both include Goldstone-boson exchange in addition to color confinement and one-gluon-
exchange potential. The chiral partner, σ-meson, is also employed, although its existence is still in controversy [36].
In the CQM I [28], the σ-exchange occurs between each pair of u, d, s, and the screening effect of color confinement
is taken into account; while in the CQM II [29], the ordinary linear confinement is used and the σ exchange occurs
between the lightest quarks (u- or d-quark) only.
This paper is organized as follows. After the introduction, we present the chiral constituent quark models in Sec.
II. The wave functions of [Q¯q][q¯Q] are constructed and the Gaussian expansion method is introduced in Sec. III. The
spectra of the [Q¯q][q¯Q] system are obtained by solving the Schro¨dinger equation and presented in Sec. IV with a brief
discussion. Finally, a summary is given in Sec. V.
II. THE CONSTITUENT QUARK MODEL AND PARAMETERS
The constituent quark model (CQM) was proposed for obtaining a simultaneous description of the baryon spectra
and the nucleon-nucleon interaction [37]. This model has been generalized to all flavor sectors giving a reasonable
description of the meson spectra [28], the baryon spectra [38]. It is also applied to scalar mesons with four-quark
configurations included [39], and some possible four-quark system spectra [40, 41]. This model contains one-gluon-
exchange (OGE) potential governed by the QCD perturbation effects, the Goldstone boson-exchange potentials for
the spontaneous breaking of the original SU(3)L⊗SU(3)R chiral symmetry at some momentum scale, and a screened
confined interaction as dictated by unquenched lattice calculations [42]. The detailed Hamiltonian of this model has
the form
H =
4∑
i=1
(
mi +
p2i
2mi
)
− TCM +
4∑
j>i=1
(V Cij + V
G
ij + V
χ
ij + V
σ
ij ), (1)
where χ = pi,K, η, and TCM is the kinetic energy operator of the center-of-mass motion.
The screened confinement interaction in this model is
V Cij = λ
c
i · λcj {−ac(1 − e−µcrij ) + ∆}, (2)
where µc is a color screening parameter.
The potential of the OGE part reads
V Gij = αs
λci · λcj
4
[
1
rij
− 2pi
3mimj
(σi · σj) δ(rij)
]
, (3)
where, σ, λ are the SU(2) Pauli matrices and the SU(3) Gell-Mann matrices, respectively. The λ should be replaced
by −λ∗ for the antiquark. The delta function δ(rij) should be regularized [43]. The regularization is justified based
on the finite size of the constituent quark and should therefore be flavor dependent [ [28, 44]
δ(rij) =
1
4pirij r20(µ)
e−rij/r0(µ), (4)
3where r0(µ) = r0/µ and µ is the reduced mass of quark-quark (or antiquark) system.
In the non-relativistic quark model, the wide energy covered from light to heavy quark requires an effective scale-
dependent strong coupling constant αs in Eq. (3) that cannot be obtained from the usual one-loop expression of
the running coupling constant because it diverges when Q → ΛQCD. An effective scale-dependent strong coupling
constant [28] is taken as
αs(µ) =
α0
ln
[
µ2+µ2
0
Λ2
0
] , (5)
where µ0 and Λ0 are the free parameters.
The meson-exchange potentials have the form
V piij = C(gch,Λpi,mpi)
m2pi
12mimj
H1(mpi,Λpi, rij)(σi · σj)
3∑
a=1
λai · λaj , (6)
V Kij = C(gch,ΛK ,mK)
m2K
12mimj
H1(mK ,ΛK , rij)(σi · σj)
7∑
a=4
λai · λaj , (7)
V ηij = C(gch,Λη,mη)
m2η
12mimj
H1(mη,Λη, rij)(σi · σj)
× [cos θP (λ8i · λ8j )− sin θP (λ0i · λ0j )] , (8)
V σij = −C(gch,Λσ,mσ) H2(mσ,Λσ, rij) (9)
H1(m,Λ, r) =
[
Y (mr)− Λ
3
m3
Y (Λr)
]
(10)
H2(m,Λ, r) =
[
Y (mr) − Λ
m
Y (Λr)
]
(11)
C(gch,Λ,m) =
g2ch
4pi
Λ2
Λ2 −m2m (12)
where adopt λ0 =
√
2
3I due to the normalization of SU(3) matrix. Y (x) is the standard Yukawa function defined by
Y (x) = e−x/x and Λ is a cutoff parameter. The chiral coupling constant gch is determined from the piNN coupling
constant through
g2ch
4pi
=
(
3
5
)2
g2piNN
4pi
m2u,d
m2N
, (13)
and flavor SU(3) symmetry is assumed.
In this version of constituent quark model (CQM I), The σ-meson is exchangeable among u, d, s quarks,
V χ,σij =


ud, dd, uu⇒ Vpi + Vσ + Vη
us, ds⇒ Vσ + VK + Vη
ss⇒ Vσ + Vη
(14)
Another version of the constituent quark model (CQM II) [29] is employed here for calculating the spectra of
possible four-quark state. The Hamiltonian is similar to the aforementioned CQM I. However, the σ meson-exchange
only occurs between the lightest quarks (u- or d-quark) due to its non-strange nature, and the simple linear confining
potential is taken in it.
V Cij = λ
c
i · λcj (−acrij −∆). (15)
All parameters of the CQM I and CQM II listed in TABLE I are taken from the Ref.[28] and Ref.[29], respectively.
4TABLE I: Parameters of the CQM I and CQM II. Each parameter of meson-exchange of two quark models has same value,
namely, mpi = 0.7 fm
−1, mη = 2.77 fm−1,mσ = 3.42 fm−1, Λpi = Λσ = 4.2 fm−1, Λη = 5.2 fm−1, θp = −15o, g2ch/4pi=0.54.
Quark masses Confinement
mu,d ms mc mb ac ∆ µc
(MeV) (MeV) (MeV) (MeV) (MeV fm−1) (MeV) (fm−1)
CQM I 313 555 1752 5100 430 181.1 0.7
CQM II 313 525 1731 5100 160 −131.1 —
OGE
α0 r0 µ0 Λ0
(MeV fm) (MeV) (fm)
CQM I 2.118 28.17 36.976 0.113
CQM II 2.65 28.17 36.976 0.075
III. WAVE FUNCTION OF [Qq¯][Q¯q] SYSTEM
The total wave function of Q¯Qq¯q system can be written as a sum of outer products of color, isospin, spin, and
spacial terms
ΨI,IzJ,Jz = |ξ〉 |η〉
IIz ΦJJz , (16)
with
ΦJJz =
[|χ〉S ⊗ |Φ〉LT ]JJz
where |ξ〉, |η〉I , |χ〉S , |Φ〉LT denote color (color singlet), isospin (I), spin (S) and spacial (angular momentum LT )
wave functions, respectively.
The H-type Jacobi coordinates shown in FIG. 1 is chosen here, and we assume that particles 1, 3 are the Q¯, q¯
quark, and particles 2, 4 are the q, Q quark, respectively. The Jacobi coordinates are defined
1
2
3
4
r
R
FIG. 1: The relative coordinate for [Q¯q][q¯Q] system. Darkened and open circles represent antiquarks and quarks, respectively.
r = r1 − r2, R = r3 − r4, ρ = m1r1 +m2r2
m1 +m2
− m3r3 +m4r4
m3 +m4
, (17)
Rcm =
4∑
i=1
miri/
4∑
i=1
mi, (18)
where mi is the mass of the ith quark, and Rcm is the coordinate of the mass-center. The outer products of spacial
and spin wave function for a four-quark state with coupling [Q¯q] and [q¯Q] shown in FIG.1 is
ΦJJz = [[φ
G
lm(r)χs1ms1 ]J1M1 [ψ
G
LM (R)χs2ms2 ]J2M2 ]J12M12ϕ
G
βγ(ρ)]JJz . (19)
In GEM [30], the spacial wave functions of three relative motion in FIG.1 are expanded through Gaussian wave-
functions with various size
φGlm(r) =
nmax∑
n=1
cnNnlr
le−νnr
2
Ylm(rˆ) (20)
5ψGLM (R) =
Nmax∑
N=1
cNNNLR
Le−ζNR
2
YLM (Rˆ) (21)
ϕGβγ(ρ) =
αmax∑
α=1
cαNαβρ
βe−ωαρ
2
Yβγ(ρˆ) (22)
where the expansion coefficients cn, cN , cα are determined by solving the Schro¨dinger equation, and Nnl, NNL, Nαβ
are respectively normalization constant for wave function φGlm(r), ψ
G
LM (R), ϕ
G
βγ(ρ), which reads
Nnl =
(
2l+2(2νn)
l+ 3
2√
pi(2l+ 1)!!
) 1
2
(23)
The Gaussian size parameters take geometric progression
νn =
1
s2n
, sn = s1a
n−1, a =
(
snmax
s1
) 1
nmax−1
. (24)
The expression of ζN , ωα in Eqs. (21) - (22) are similar to Eq. (24).
The flavor wave functions of four-quark [Q¯q][q¯Q] (Q = c, b; q = u, d, s) system, which were studied by Liu, Luo
and Zhu [45], are shown in TABLE II and III. According to the Ref. [45], the pseudoscalar-pseudoscalar type (PP¯ )
is categorized as two systems, namely, DD¯ and BB¯. Where the D, D¯, B, B¯ represent (D+, D0, D0s), (D−, D¯0, D¯0s),
(B+, B0, B0s ) and (B
−, B¯0, B¯0s ) triplet respectively. The vector-vector type (V V¯ ) has the same expression as that of
the PP¯ with the substitutions D → D∗, D¯ → D¯∗, B → B∗ and B¯ → B¯∗. The wave functions with definite C parity
are given through a linear combination [46] for the neutral states. The normal convention of PDG [1] e.g. B0 = db¯
and B¯0 = d¯b, are used in the Table.
TABLE II: The flavor wave functions of the DD¯, DD¯∗ systems.
Isospin DD¯ (PP¯ or V V¯ ) DD¯∗ (P V¯ )
D+D¯0s D
∗+D¯0s , D
+D¯∗0s
I= 1
2
D0D¯0s D
∗0D¯0s , D
0D¯∗0s
D0sD¯
0 D∗0s D¯
0, D0sD¯
∗0
D0sD
− D∗0s D
−, D0sD
∗−
D+D¯0 D∗+D¯0, D+D¯∗0
I=1 1√
2
(D+D− −D0D¯0) 1
2
[(D∗+D− −D∗0D¯0) + c (D∗−D+ − D¯∗0D0)],
1
2
[(D+D∗− −D0D¯∗0) + c (D−D∗+ − D¯0D∗0)]
D0D− D∗0D−, D0D∗−
I=0 (l) 1√
2
(D+D− +D0D¯0) 1
2
[(D∗+D− +D∗0D¯0) + c (D∗−D+ + D¯∗0D0)],
1
2
[(D+D∗− +D0D¯∗0) + c (D−D∗+ + D¯0D∗0)]
I=0 (s) D0sD¯
0
s
1√
2
(D∗0s D¯
0
s + c D¯
∗0
s D
0
s),
1√
2
(D0sD¯
∗0
s + D¯
0
sD
∗0
s )
The spin wavefunction can be easily constructed by angular momentum coupling, which are omitted here.
Taking [D∗D¯∗]1 as an example to illustrate the spin and flavor wavefunctions, we have
|χ〉11 =
√
1
2
(|11〉|10〉 − |10〉|11〉)
=
1
2
(αααβ + ααβα − αβαα − βααα)
|η〉00 =
√
1
2
(D¯0D0 +D−D+) =
√
1
2
(c¯uu¯c+ c¯dd¯c).
The color wave function of color-singlet states for a four-quark state in configuration of FIG.1 can be constructed
6TABLE III: The same as TABLE II for BB¯, BB¯∗ systems.
Isospin BB¯ (PP¯ or V V¯ ) BB¯∗ (P V¯ )
B+B¯0s B
∗+B¯0s , B
+B¯∗0s
I= 1
2
B0B¯0s B
∗0B¯0s , B
0B¯∗0s
B0s B¯
0 B∗0s B¯
0, B0s B¯
∗0
B0sB
− B∗0s B
−, B0sB
∗−
B+B¯0 B∗+B¯0, B+B¯∗0
I=1 1√
2
(B+B− −B0B¯0) 1
2
[(B∗+B− −B∗0B¯0) + c (B∗−B+ − B¯∗0B0)],
1
2
[(B+B∗− −B0B¯∗0) + c (B−B∗+ − B¯0B∗0)]
B0B− B∗0B−, B0B∗−
I=0 (l) 1√
2
(B+B− +B0B¯0) 1
2
[(B∗+B− +B∗0B¯0) + c (B∗−B+ + B¯∗0B0)],
1
2
[(B+B∗− +B0B¯∗0) + c (B−B∗+ + B¯0B∗0)]
I=0 (s) B0s B¯
0
s
1√
2
(B∗0s B¯
0
s + c B¯
∗0
s B
0
s ),
1√
2
(B0s B¯
∗0
s + B¯
0
sB
∗0
s )
in two ways, they are
|ξ1〉 = |112 ⊗ 134〉 = 1
3
(|r¯rr¯r〉+ |g¯gg¯g〉+ ∣∣b¯bb¯b〉+ |r¯rg¯g〉+ ∣∣r¯rb¯b〉+ |g¯gr¯r〉 + ∣∣g¯gb¯b〉+ ∣∣b¯br¯r〉+ ∣∣b¯bg¯g〉) (25)
|ξ2〉 = |812 ⊗ 834〉 = 1
6
√
2
[
3(b¯rr¯b+ b¯gg¯b+ g¯rr¯g + g¯bb¯g + r¯gg¯r + r¯bb¯r) + 2(r¯rr¯r + g¯gg¯g + b¯bb¯b)
−(r¯rg¯g + g¯gr¯r + b¯br¯r + b¯bg¯g + r¯rb¯b+ g¯gb¯b)] (26)
The color-singlet singlet channel as a molecular state picture has been generally studied in hadronic state level.
However, the [Q¯q] and [q¯Q] are allowed in color singlet and octet in QCD theory, so the coupling effect for color-
singlet singlet and color-octet octet should be taken into account in the constituent quark model. The color matrix
elements of 〈ξk|λci · λcj |ξl〉 with j > i = 1, 2, 3, 4 and k, l = 1, 2, are given in Table IV.
TABLE IV: Color matrix elements 〈ξk|λci · λcj |ξl〉 with j > i = 1, 2, 3, 4. Here |ξk〉, |ξl〉 with k, l = 1, 2 represent the color wave
functions defined in Eqs. (25-26).
(i, j) (1,2) (3,4) (1,3) (2,4) (1,4) (2,3)
(k, l) = (1, 1) − 16
3
− 16
3
0 0 0 0
(k, l) = (2, 2) 2
3
2
3
− 4
3
− 4
3
− 14
3
− 14
3
(k, l) = (1, 2) 0 0
√
32
9
√
32
9
−
√
32
9
−
√
32
9
IV. RESULTS AND DISCUSSIONS
Unless the mass of a four-quark state [Q¯q][q¯Q] below the threshold of mesons composed of [Q¯q] and [Qq¯], or it is
unstable, since it can easily fall-apart decays into two mesons with appropriate quantum numbers. So one believes
that a good fit of meson mass spectra, with the same parameters used in four-quark calculations, must be the most
important criterium[44, 47–50]. So using the aforementioned parameters, we firstly calculate the Schro¨dinger equation
(H − E)ΨI,IzJ,Jz = 0 (27)
with Rayleigh-Ritz variational principle to get spectra of the conventional mesons. We obtain the converged results,
which are listed in TABLE V and marked as ”CQM II” and ”CQM I”, with the number of gaussians nmax = 7, and
the size parameter sn running from 0.1 to 2 fm in spatial wavefunction of Eq.(20). For comparing our results with
previous work performed by Vijande, et al. in Ref.[28] with chiral quark model, their results are also listed in the
table. Obversely, the results of ”CQM I” are well consistent with that of Ref.[28].
7TABLE V: Numerical results of conventional meson spectra (unit: MeV) in two quark models. The experimental data takes
from the latest Particle Data Group[1].
Meson CQM II Ref.[28] CQM I Exp.
Mass
√
< r2 > Mass Mass
√
< r2 >
pi 140.1 0.67 139 153.2 0.86 139.57±0.00035
K 496.2 0.67 496 484.9 0.86 493.677±0.016
ρ(770) 775.3 0.88 772 773.1 0.77 775.49±0.34
K∗(892) 917.9 0.84 910 907.7 0.79 896.00±0.25
ω(782) 703.7 0.84 691 696.6 0.79 782.65±0.12
φ(1020) 1016.8 0.79 1020 1011.9 0.82 1019.422±0.02
ηc(1s) 2995.7 0.56 2990 2999.8 0.9 2980.3±1.2
J/ψ(1s) 3097.6 0.61 3097 3096.7 0.88 3096.916±0.011
D0 1882.2 0.72 1883 1898.4 0.84 1864.84±0.17
D∗ 2000.2 0.78 2010 2017.3 0.81 2006.97±0.19
Ds 1966.6 0.66 1981 1991.8 0.86 1968.49±0.34
D∗s 2091.1 0.72 2112 2115.7 0.84 2112.3±0.5
B± 5284.7 0.74 5281 5277.9 0.83 5279.15±0.31
B0 5284.7 0.74 5281 5277.9 0.83 5279.53±0.33
B∗ 5324.3 0.76 5321 5318.8 0.82 5325.1±0.5
B0s 5360.6 0.67 5355 5355.8 0.86 5366.3±0.6
B∗s 5403.6 0.69 5400 5400.5 0.87 5412.8±1.3
ηb(1s) 9384.6 0.42 9454 9467.9 0.93 9388.9
+3.1
−2.3(stat)
Υ(1s) 9462.4 0.45 9505 9504.7 0.92 9460.30±0.26
In order to judge a four-quark configuration is a stable bound state or not, the binding energy of a four-quark
system is defined
∆E = ET − Eth (28)
where ET stands for the four-quark energy and Eth for the energy of the corresponding threshold. If ∆E < 0, then
this four-quark state is stable against the strong interaction, i.e, one has a proper bound state. However, if ∆E ≥ 0,
it indicates that the four-quark solution correspond to an unbound four-quark configuration. The thresholds related
to [Q¯q][q¯Q] system are obtained from TABLE V and listed in TABLE VI.
TABLE VI: Threshold energy of DD¯,DD¯∗,D∗D¯∗,BB¯,BB¯∗ and B∗B¯∗ in two quark models (unit: MeV).
J I M1M2 Eth(CQM II) Eth(CQM I) Eth(Exp.)
0,1 D¯0D+ 3764.8 3796.8 3729.68
0 0 D−s D
+
s 3933.2 3983.6 3936.98
1
2
D−s D
0/D+s D
− 3848.8 3890.2 3833.33
0,1 D¯0D∗+ 3882.4 3915.7 3871.81
1 0 D−s D
∗+
s 4057.7 4107.5 4080.79
1
2
D−s D
∗0/D+s D
∗− 3966.8 4009.1 3975.46
D∗−s D
0/D∗+s D
− 3973.3 4014.1 3977.14
0,1 D¯∗0D∗+ 4000.4 4034.6 4013.94
0,1,2 0 D∗−s D
∗+
s 4182.2 4231.4 4224.6
1
2
D∗−s D
∗0/D∗+s D
∗− 4091.3 4133 4119.27
0,1 B¯0B+ 10569.4 10555.8 10559.06
0 0 B−s B
+
s 10721.2 10711.6 10732.6
1
2
B−s B
0/B+s B
− 10645.3 10633.7 10645.83
0,1 B¯0B∗+ 10609 10596.7 10604.63
1 0 B−s B
∗+
s 10764.2 10756 10779.1
1
2
B−s B
∗0/B+s B
∗− 10684.9 10674.6 10691.4
B∗−s B
0/B∗+s B
− 10688.3 10678.4 10692.33
0,1 B¯∗0B∗+ 10648.6 10637.6 10650.2
0,1,2 0 B∗−s B
∗+
s 10807.2 10801 10737.9
1
2
B∗−s B
∗0/B∗+s B
∗− 10727.9 10719.3 10825.6
8The mass spectra of the [Q¯q][q¯Q] system are also obtained by solving the Schro¨dinger equation with Rayleigh-Ritz
variational principle with the wavefunction shown in Eq.(16). In spatial wavefunctions of Eq.(20)-(22), we take the
number of gaussians α = 12, n = 7, N = 7, and the ranges of sn for ρ are from 0.1 to 6 fm, and 0.1 to 2 fm for R and
r, respectively, since energy of four-quark configuration [Q¯q][q¯Q]) are converged by them, which have been discussed
in detail in Ref.[31].
The results for the color-singlet channel (D(B) and D¯(B¯) in color singlet) and channel coupling between color-singlet
and color-octet channel are given in Table VII, IX and X. Since we solve the Schro¨dinger equation in the finite space,
so all of them are bound states. According to the binding energy defined in Eq.(28), if it is larger than 0, then
the state should be unbound, in fact the energy of four-quark state will approaches the threshold when the space is
increased. The states with ∆E > 0 are marked as ”×” in the tables.
For the S-wave PP¯ configuration, the quantum numbers JP are 0+. Apart from scalar meson σ, the pseudoscalar
mesons e.g. pi,K, η make no contribution to the [Q¯q] − [q¯Q] systems for the parity conservation. From the TABLE
VII, one can easily find that the σ meson-exchange induces attraction for the [c¯q][q¯c] configuration but neither enough
to form stable bound state in color-singlet channel nor in color coupled channel, which marked ”1⊗1” and ”coupling”
in the tables. Due to the σ meson-exchange is allowed in ss¯, us¯, u¯s, d¯s, or ds¯ in CQM I, weakly bound states of BB¯
system with I = 0(s), and 1/2 are obtained. Clearly, more bound states in [b¯q][q¯b] configuration are found, if we take
into account the effect of channel coupling. Why do the bound states of BB¯ system with I = 0(s) appear in this case?
The spin matrix element 〈σ1 · σ2〉 = 〈σ3 · σ4〉 = −3 and others are zero. The nonzero color matrix element between
color-singlet and color-octet channels 〈λ1 · λ3〉 = 〈λ2 · λ4〉 =
√
32/9 and 〈λ1 · λ4〉 = 〈λ2 · λ3〉 = −
√
32/9. So, only
coulomb and confinement interaction, and pairs of (1,3), (2,4), (1,4), (2,3) make contribution to the mass of Q¯Qq¯q
system. From the TABLE VIII calculated in the CQM I, one can easily find that
√
〈r213〉 =
√
〈r224〉 =
√
〈r214〉 =
√
〈r223〉
for the DD¯ system, the transition matrix element of the coulomb and confinement interaction canceled each other,
respectively. However, for the BB¯ system, the transition matrix element can’t canceled each other for the different
distance between quark(antiquark)-quark(antiquark). So the mass of each BB¯ system is depressed by it.
TABLE VII: The binding energy of DD¯ and BB¯ states. The ”1 ⊗ 1” and ”coupling” represent DD¯ and BB¯ in color-singlet,
and coupling of color-singlet and -octet channel, respectively (unit: MeV). The symbol ”×” stands for this configuration is
unbound state.
DD¯ BB¯
Isospin CQM II CQM I CQM II CQM I
1⊗1 coupling 1⊗1 coupling 1⊗1 coupling 1⊗1 coupling
I= 1
2
× × × × × −17.5 −0.2 −2.6
I=1 × × × × × −72.6 × −29.9
I=0 (l) × × × × × −72.6 × −29.9
I=0 (s) × × × × × × −0.7 −1.5
TABLE VIII: The distance between each quark pairs of BB¯ and DD¯ in the CQM I (unit: fm).
√
〈r212〉
√
〈r234〉
√
〈r213〉
√
〈r224〉
√
〈r214〉
√
〈r223〉
BB¯ 0.8 0.8 0.8 0.8 0.4 1.1
DD¯ 0.6 0.6 6.3 6.3 6.3 6.4
For the S-wave P V¯ system, the σ, pi, η mesons can all be exchanged in such systems. No bound state is found in the
[cq¯][c¯q]∗ system, if we only take into account the two-body interactions. However, the stable bound states of [bq¯][b¯q]
with I = 1, 0 are obtain in two constituent quark models. It is because that the mass of the b quark is much larger
than the c quark, the total kinetic energy of the former is smaller than the latter, and so the meson-exchange potential
can bind them to form bound states. It is reasonable to interpret the Z±b (10610) and Z
0
b (10610), reported by the
Belle collaboration, as the molecular state BB¯∗. In the CQM I, in addition to the above two states, the I = 1/2 and
0(s) also form two stable bound states for the σ-exchange which contributes to these channels. We also get deeply
bound states for the P V¯ system if the coupling of color-singlet and color-octet channel are taken into account.
9TABLE IX: The binding energy of D∗D¯ and B∗B¯ states (unit: MeV).
D∗D¯ B∗B¯
Isospin CQM II CQM I CQM II CQM I
1⊗1 coupling 1⊗1 coupling 1⊗1 coupling 1⊗1 coupling
I= 1
2
× × × × × −89.8 −0.2 −40.9
I=1 × × × × −1.3 −164.3 −1.1 −107.4
I=0(l) × × × × −12.1 −122.6 −12.1 −69.8
I=0(s) × × × × × −47.3 −1.2 −3.9
The S-wave V V systems have quantum numbers JPC = 0++, 1+−, and 2++ for the neutral states. The pi, η, σ
mesons can all be exchanged between [Qq¯]∗ and [Q¯q]∗ for isospin I=0(l) and I=1, while the pi-exchange is attractive
just for I(JPC) = 1(0++), 1(1+−), 0(2++). From TABLE X, one can find that the [cq¯]∗[c¯q]∗ with quantum number
I(JP ) = 1(0+) is a stable bound state, that energy is 3996.2 MeV and 4005.7 MeV in CQM II and CQM I, respectively,
if the coupling of color-singlet channel and color-octet channel is considered. It is a possible candidate for Z±c (4025)
reported by BESIII in the process e+e− → (D∗D∗)±pi± at a center-of-mass energy of 4.26GeV [8]. In the case of
bottomonium scenario, the [bq¯]∗[b¯q]∗ with quantum numbers I(JPC) = 1(0+), 1(1+), 0(2+) are bound in color-singlet
channel for the pi-exchange between the light quark pairs. The assignment of the observed state Zb(10650) to molecular
state B∗B¯∗ with I(JPC) = 1(1+), which has binding energy about −1 MeV in two quark models, is favored. We
also investigate the effect of channel coupling between color-singlet and -octet, which are presented in TABLE X, and
more deep bound states are obtained in two quark models.
TABLE X: The binding energy of D∗D¯∗ and B∗B¯∗ states (unit: MeV).
D∗D¯∗ B∗B¯∗
CQM II CQM I CQM II CQM I
JP I 1⊗1 coupling 1⊗1 coupling 1⊗1 coupling 1⊗1 coupling
I= 1
2
× × × × × −172.9 −0.5 −108.4
0+ I=1 × −4.2 × −28.9 −3.4 −266.2 −3.0 −195.5
I=0(l) × × × × × −175.9 × −115.3
I=0(s) × × × × × −112.2 × −37.7
I= 1
2
× × × × × −129.0 −0.3 −73.9
1+ I=1 × × × × −1.2 −201.5 −0.9 −144.6
I=0(l) × × × × × −160.1 × −107.6
I=0(s) × × × × × −86.0 −0.2 −21.2
I= 1
2
× × × × × −56.4 × −19.3
2+ I=1 × × × × × −97.0 × −62.6
I=0(l) × × × × −11.1 −133.0 −11.0 −95.1
I=0(s) × × × × × −41.0 −1.1 −5.7
About eighteen XY Z charmonium-like resonances discovered by Belle, BaBar, BES and LHCb collaborations, and
many resonances have been confirmed by different experiments. A well established one among them is the X(3872),
which was first discovered in 2003 by Belle Collaboration [51] in the pi+pi−J/ψ invariant mass spectrum in the process
B → Kpi+pi−J/ψ, and later confirmed by six other experiments [52–57]. Its quantum number have been studied by
Belle, BaBar, CDF and LHCb, and determined to be IGJPC = 0+1++ [58]. However, from the discussions above it
is clear that few bound state exists in cq¯c¯q system either for CQM I or for CQM II, even if the channel coupling of
color-singlet and color-octet is taking into account. In order to obtain bound state of cq¯c¯q system, we believe that the
four-quark interactions that would not be factorable as a sum of two-body potentials should be included, for example,
the multi-body confinement in the four-quark Hamiltonian [25–27], or enlarged the Hilbert space of the four-quark
problem, include the compact diquark-antidiquark (δ − δ¯) pair [59–64] and so on.
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V. SUMMARY
Using two chiral quark models, we dynamically study the mass spectra of the [Q¯q][q¯Q] system by a high accuracy
numerical method based on Gaussian expansion method. No stable bound state is obtained in [c¯q][q¯c] if we only
take color-singlet channel into account. However, since the mass of b quark is heavier than c quark, and so the total
kinetic energy of the former is smaller than the latter, the meson-exchange can provide enough attraction to bind
[bq¯] and [b¯q] for B∗B¯∗ with I(JPC) = 1(0++), 1(1+−), 0(2++) and BB¯∗ with isospin I = 1, or 0. The Z±b (10610),
Z0b (10610) and Z
±
b (10650) reported by Belle collaboration can be reasonably interpreted as a molecular state BB¯
∗
and B∗B¯∗, respectively. In CQM I, σ-exchange allowed between u, d and s quark, can provide enough attraction to
form stable bound states [bs¯][sb¯], and [bq¯][sb¯] for the case of PP¯ , P V¯ and V V¯ . The channel coupling of color-singlet
and color-octet are also discussed above, we find more deep bound states in BB¯, BB¯∗ and B∗B¯∗ system. A bound
state [cq¯]∗[qc¯]∗ with I(JPC) = 1(0++) is especially obtained in our calculation, which is a possible candidate for
Z±c (4025) [8] reported by BESIII. However, we can not find a candidate for each X(3872), Z
±
c (3900) and other XY Z
charmonium-like states in our calculation. To obtain the bound states of cc¯q¯q system, we believe that the four-quark
interactions that would not be factorable as a sum of two-body potentials should be included, or the Hilbert space
should be enlarged.
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